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We study terahertz (THz) radiation transmission through grating-gate graphene based nanostruc-
tures. We report on room temperature THz radiation amplification stimulated by current-driven
plasmon excitation. Specifically, with increase of the dc current under periodic charge density mod-
ulation, we observe a strong red shift of the resonant THz plasmon absorption, followed by a window
of complete transparency to incoming radiation, and subsequent amplification and blue shift of the
resonant plasmon frequency. Our results are, to the best of our knowledge, the first experimental ob-
servation of energy transfer from dc current to plasmons leading to THz amplification. Additionally,
we present a simple model offering phenomenological description of the observed THz amplification.
This model shows that in the presence of dc current the radiation-induced correction to dissipation
is sensitive to the phase shift between oscillations of carrier density and drift velocity. And with
increasing current, the dissipation becomes negative, leading to amplification. The experimental re-
sults of this work, as all obtained at room temperature, pave the way towards the new 2D plasmons
based, voltage tuneable THz radiation amplifiers.
I. INTRODUCTION
More than forty years ago, active theoretical and ex-
perimental studies of plasma oscillations in two dimen-
sional electron systems (2DESs) began and plasmonic
resonances were observed [1–7]. The interest to this area
dramatically increased after seminal work of Dyakonov
and Shur [8], who theoretically predicted that the dc cur-
rent in the channel of a sub-micrometer size field effect
transistors (FET) could become unstable leading to the
excitation of plasma oscillations, with the frequency con-
trolled by the gate voltage, and generation of tunable
terahertz (THz) radiation.
This work, as well as the next publication [9] which was
focused on the plasmon-mediated THz detection aroused
great interest because of their novelty in the field of the
fundamental physics and important potential applica-
tions in THz-optoelectronics for creation of all-electronic,
compact, and gate-tunable THz detectors and emitters.
However, numerous experimental attempts to realize effi-
cient, narrowband and voltage tunable 2D plasmon based
detectors or emitters of THz radiation with single FETs
have failed as the intensity of radiation turned out to be
too small, plasma resonances were too broad and/or not
gate voltage tunable [10–18].
It did not take long to understand that multiple-gate
periodic structures are more promising. Such struc-
tures interact much better with THz radiation than the
∗ otsuji@riec.tohoku.ac.jp
single-gate structures. In fact, study of the grating-gate-
coupler-based plasmon excitation in two-dimensional
electron gases by incident THz waves has begun a long
time ago since the seminal works [2, 3]. By using
such structures, high-quality factor plasmon resonances
in absorption could be excited, as it was demonstrated
much later by Muravjov et al. [19], for 2D grating gate
GaN/AlGaN structures. The grating gate structures
have also shown excellent characteristics as THz radi-
ation broadband detectors [20–22]. Nevertheless, despite
tremendous efforts, neither the room temperature reso-
nant detection, nor the current-stimulated emission or
amplification of THz radiation have been observed so far
(see discussion in the recent work [23], where low tem-
perature THz emission was discussed).
Fundamentally new aspects have been brought by the
use of graphene-based structures [24, 25]. Graphene
shows record mobility at room temperature, which gives
a much higher quality factor of plasma resonances than
that in conventional materials. Moreover, the mediation
of plasmons can greatly enhance the interaction between
light and graphene substance due to relatively low level
of losses, and a high degree of spatial electric field con-
finement. This explains the growing interest in graphene
plasmonics [26–33]. Plasmon-enhanced THz graphene
devices have recently been investigated [34, 35], and im-
provement of the device performances on gain modula-
tion [35, 36], sensitivity [37] and emission [34] have al-
ready been demonstrated.
Recently some theoretical and experimental studies of
grating gate graphene structures utilizing plasma reso-
nances have been reported [38–40]. In particular, the
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electromagnetic simulations of the graphene grating gate
structures [41] have shown the possibility of the resonant
plasmons strongly coupled to THz radiation even at room
temperature. These works show that (i) the plasmon res-
onances can be excited in graphene-based periodic struc-
tures in reflectivity configuration and (ii) such configura-
tion can be used to obtain the THz radiation absorption
by plasmons.
Despite intensive studies of the THz resonant detec-
tion in graphene-based periodic structures, there has not
yet been any detailed study of current-induced effects.
Also, there does not exist any report of room tempera-
ture experiments showing efficient energy transfer from
dc current to plasmons that could lead to THz radiation
generation or amplification [42–44].
In this work, we explore THz light-plasmon coupling,
light absorption and amplification by graphene grating
gate structures focusing on current-driven effects. These
grating gate structures were used to create a periodic
structure of highly-conducting active regions separated
by low-conducting passive regions. The large difference
between concentrations allowed us to localize plasmons in
active regions and control their properties both by gate
electrodes and by the dc driving current. We demon-
strate that, in such structures, gate-voltage controlled
resonant plasmons are excited by THz radiation and
show current-driven amplification of this radiation. More
specifically, we show that with the increase of dc current
the plasmon spectra undergoes a strong red shift, fol-
lowed by complete lack of the resonant THz plasmon ab-
sorption, and subsequent amplification with a clear blue
shift.
We also present a phenomenological theoretical de-
scription of observed results using a simple model of
periodically alternated stripes of the high/low electron
density and corresponding high/low plasma wave veloc-
ity. We show that in such a plasmonic crystal structure,
the THz radiation dissipation becomes sensitive to the
phase shift between the oscillations of carrier density and
drift velocity, and that, with increasing the dc current,
the radiation-related correction to dissipation changes its
sign, resulting in amplification of the optical signal.
Our main results can be formulated as follows:
(i) Experiments demonstrating that the current-driven
plasmon resonances at THz range, with the increase of
the current, undergo red-shift, followed by a window of
complete transparency to incoming radiation and subse-
quent amplification and blue-shift of the resonant plas-
mon frequency. (ii) Theory providing the phenomenolog-
ical description of the experimentally observed phenom-
ena, in particular, switching from dissipation to ampli-
fication at drift velocities smaller than the plasma wave
velocity.
Importantly, all experimental results were obtained at
room temperature, and therefore, can be used for de-
sign of graphene/semiconductors based resonant, com-
pact and voltage/current controlled THz absorbers, am-
plifiers as well as coherent sources.
II. EXPERIMENTAL
A. Samples
The samples were fabricated with a field-effect tran-
sistor structure featuring an interdigitated dual-grating-
gate (DGG) where the plasmonic cavities are formed
below the gates electrode grating fingers [21, 45–47].
In order to ensure high carrier mobility in our de-
vices, h-BN-encapsulated graphene heterostructures (h-
BN/graphene/h-BN) were fabricated. Optically esti-
mated h-BN thickness was in the range from 20 nm to
32 nm for both structures. The first h-BN layer was
transferred onto a SiO2/Si wafer serving as a part of the
back-gate dielectric layer. The process was followed by
transferring the monolayer graphene. The second h-BN
layer was transferred onto the monolayer graphene and
served as the top gates dielectric layer. The layer se-
quence and the sample architecture are shown in Fig. 1.
Raman spectroscopy (sharp mono peak at G and G′
band) and the contrast fractions of the optical micro-
scope images of the transferred graphene sheets allowed
confirming that they were monolayers.
Two device structures were designed with gate fingers
width of Lg1 = 0.5 µm and Lg2 = 1 µm (Lg1 = 0.75 µm
and Lg2 = 1.5 µm) separated by d1 = 0.5 µm and d2
= 1 µm gaps (d1 = 0.5 µm and d2 = 2 µm) referred
to as Asymmetric DGG structures A-DGG 3.1 and (A-
DGG 3.2), respectively (see Fig. 1). The devices had
very similar electrical properties with very close Charge
Neutrality Points (CNP), ranging from -0.1 V to +0.15 V.
In the experiments, we manipulated the electron con-
centration in the channel by gate voltages to create ac-
tive and passive plasmonic regions with high and low
electron concentration, respectively. Specifically, we al-
ways biased the gates in such a way that in given experi-
ment configuration, only one type of gates were positively
biased (electrical n-type doping) and all other types of
gates were set at voltages granting the CNP condition of
the graphene layer.
In this way by successive biasing the different gates,
we defined four types of grating gate structures (C1, . . . ,
C4) with cavities of length 0.5, 0.75, 1.0, 1.1 µm, each
composed of six fingers with highly doped n-type cavities
(up to ∼ 2 × 1012 cm−2) separated by six regions at the
CNP condition (n2 ∼ 0.1 ×1012 cm−2 for both electrons
and holes at room temperature). The parameters of these
structures are given in Table I. The example of typical
carrier density distribution in the experiments on cavity
C2 is shown in Fig. 1(c). We also show an example of
the potential distribution in the case of application of
100 mV drain-to-source voltage (Fig. 1(c)).
The example of the results of electrical characteriza-
tion (sample A-DGG 3.1) is shown in Fig. 2. The mul-
tiple sweeps of gate voltages have shown only minimal
effects of hysteresis (see Fig. 2), and granted good repro-
ducibility of all the experimental results.
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FIG. 1. The microphoto of the A-DGG3.1 sample (a),
schematic top and cross-sectional device images illustrat-
ing the h-BN/graphene/h-BN heterostructure including the
asymmetric dual grating gate metallization (b), and the gate-
controlled charge density distribution (the green area) to-
gether with potential distribution along the channel (the black
solid line)(C).
In Figs. 2(a) and 2(b) we also present the sample
resistance as a function of the inverse swing voltage,
1/(Ug − UCNP), allowing to determine the parasitic re-
sistance, R0, i.e., the sum of the contact resistances and
resistances of ungated CNP biased parts of each sample.
One can see that as expected from the sample architec-
ture, the biasing of the front gates change the resistance
in a much smaller degree than the back gating. The re-
sistance change is roughly proportional to the ratio of the
length of the biased gate (×6) and the total length of the
channel, as given in Tab. I. Knowing the total parasitic
resistance R0 we can extract sample averaged conduc-
tivity σ = (Lch/W )/(R − R0), where Lch is the total
channel length, W is the average channel width, R is the
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FIG. 2. Electrical characterization of the samples. Ambipo-
lar resistance versus back gate (a), and top gate for C 1 cavity
(b) of A-DGG3.1 structure. We also show resistance versus
inverse swing voltage (1/(Ug − UCNP) that allows extraction
of the resistance of the contacts (a) and the resistance of total
ungated part of samples for C 1 cavity (b). C 1 cavity carrier
density, n and mobility as a function of the gate voltage (c):
lower horizontal-axis corresponds to the top gate bias and
upper horizontal-axis is for back gate bias.
total resistance. The carrier mobility µi can be calcu-
lated from equation eµi(ni + pi) = σi (see [29, 48] for
details). The electron and hole density ni and pi (index
i = 1, 2 numerates regions with high and low conduc-
tivity, respectively) as a function of the back gate volt-
age, can be calculated using the parallel-plate capacitor
model with the correction by the quantum capacitance of
graphene. Figures 2(c) shows carrier density and mobil-
ity as a function of the front gate voltage (lower horizon-
tal scale) and back gate voltage (upper horizontal scale).
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As can be seen, the mobility is over 30,000 cm2/Vs in a
whole investigated range indicating the excellent quality
of h-BN-encapsulated graphene.
B. Time-domain spectroscopy experiments
We use in our experiment grating-gate-based struc-
tures. Such structures have been used to study the plas-
mon excitation in two-dimensional electron gas by inci-
dent THz wave since the pioneering works of Allen and
Theis [2, 3]. In particular, recently the grating gate struc-
tures were used in graphene plasmons experimental stud-
ies [40]. Also, the electromagnetic simulation of plasmon
excitation by THz wave in graphene with an asymmetric
grating gate (which is very similar to the structure mea-
sured in our paper) was recently presented in [41]. These
works show that the plasmon resonances can be excited
in grating gate graphene structures in reflectivity con-
figuration and can be used to obtain the THz radiation
absorption.
Experimental set-up configuration is shown in
Fig. 3(a). THz time-domain spectroscopy (THz-TDS)
was employed to measure the changes in the tempo-
ral profiles of the THz pulses transmitted through the
graphene plasmonic cavities. For the generation of broad-
band THz waves, a mode locked erbium-doped femtosec-
ond fiber laser with a pulse repetition rate of 80 MHz
was used. The pulse width was approximately 80 fs (full
width at half maximum) and the central wavelength was
1550 nm.
The pulsed laser beam was focused onto a biased, low-
temperature-grown InGaAs/InAlAs THz photoconduc-
tive antenna (TERA15-TX, Menlosystems). The an-
tenna had a gap spacing of 100 µm and a bias of 15 V
was applied with an average optical power of 20 mW. The
linearly polarized THz wave emitted by the antenna was
collected and refocused onto the sample from 45° oblique
angle (and subsequently onto the THz detector) using
off-axis parabolic mirrors. A small 250 µm-diameter hole
at the end of a tapered aperture of a conical shape was
placed close to the sample. We have checked that this
aperture was not destroying the polarisation of the in-
coming beam. THz radiation was detected using a second
low-temperature-grown InGaAs/InAlAs THz photocon-
ductive antenna made of the 25 µm dipole and 10 µm
gap excited with an average optical power of 17 mW (at
1550 nm).
All the TDS measurement were performed in a time
window of 12 ps with a temporal resolution of 6.67 fs. Ex-
amples of typical time traces and spectra obtained with
and without electrical doping are shown in Figs. 3(c), the
orange and green lines respectively. The time traces in
the time window of 12 ps were used in the calculation
of the Fourier transform spectra. Typical Fourier spec-
tra (obtained from Fig. 3(c)) in a linear scale are shown
in Fig. 3(d), confirming an effective frequency bandwidth
going from 0.1 THz going up to above 4 THz with a rather
high signal-to-noise ratio (above 104) in the whole range.
In the rest of the work, we restrict the presentation for
time and frequency ranges where the real differences be-
tween the measurement with and without electrical dop-
ing (with and without strong positive gate polarization)
are well seen. The sample stage was rotated to align the
THz radiation polarization perpendicular or parallel to
the grating fingers direction.
In the first part of experimental studies, we measured
the spectra for zero drain-to-source voltage (Ud = 0). As
mentioned above, the spectra were always recorded with
only one gate voltage biased away from CNP and with
all other gates biased at the CNP. In the second part of
experimental studies, Ud-dependent measurements were
performed.
We used the reflection configuration, as shown in
Fig. 3(b). The THz pulse was transmitted twice through
the h-BN, graphene and thin h-BN/SiO2 dielectric lay-
ers. Due to highly doped low resistivity conditions of
the Si substrate with the 45° oblique angle incidence, the
interface gave total reflection. When the THz pulse trav-
eled through such the path, it reflected and transmitted
through at the interfaces between graphene and the h-
BN buffer layer and between the h-BN buffer layer and
the SiO2 layer.
Such a multi-layered vertical structure makes a super-
position of the reflected pulses at each interface in its
temporal pulse profile. Since the thicknesses of the h-BN
buffer layer (∼ 40 nm) and SiO2 layer (∼ 90 nm) are
far smaller than the wavelength of the THz radiation,
the artefacts and distortions caused by the multiple re-
flections on the temporal pulse profile are negligibly small
(the round-trip delay time from/to the top graphene sur-
face will be ∼ 3 fs which is almost two-orders shorter
than the THz pulse width). Therefore, what is measured
by the TDS is the total pulse after its double passage
throughout the aforementioned multi-layered sample.
Some typical representative data are shown in Fig. 4.
In each measurement we registered two time traces and
calculated spectra: i) the first T 2CNP, with all gates biased
the way ensuring CNP condition of the whole graphene
channel and ii) the second T 2P with only one type of the
grating gate ‘strongly biased’(up to Ug − UCNP ∼ 3 V)
while keeping all other parts of the sample at the CNP
condition. Then we calculated 2A˜ = (1 − T 2P /T 2CNP).
As it will be shown later 2A˜ contains mainly information
about the extinction. The left panels in Fig. 4 are ex-
amples of some data (time traces, Fourier transform and
resulting extinction) obtained without any drain-source
biasing (Ud = 0), whereas the right panels are the re-
sults obtained with a rather strong drain-source biasing
at Ud = 700 mV. Even if the differences in traces are diffi-
cult to see at the first glance they are very well resolved in
the experiment because of, aforementioned, very high sig-
nal to noise ratio (above 104 in whole presented spectral
range). The shadowed regions in Fig. 4 were magnified
in the neighbor panels to show the regions where the dif-
ferences can be observed. First, one can clearly see that
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TABLE I. Samples and different plasmonic cavities parameters.
Cavity C 1 C 2 C 3 C 4
Structure/sample A-DGG3.1 A-DGG3.2 A-DGG3.1 A-DGG3.2
Thickness of top h-BN layer (nm) 32 20 32 20
CNP (V) +0.15 -0.12 +0.10 -0.06
Biased cavity length (µm) 0.5 0.75 1.0 1.5
Total channel length (µm) 26.5 24.0 26.5 24.0
d1 and d2 (µm) 0.5 / 2.0 0.5 / 1.0 0.5 / 2.0 0.5 / 1.0
Channel width (average) (µm) 4.9 1.325 4.9 1.325
d3 and d4 (µm) 2.0 / 0.5 1.0 / 0.5 2.0 / 0.5 1.0 / 0.5
the time traces (and spectra) without and with strong
biasing (electrical doping) show some well-resolved ex-
perimental differences. Second, one can observe that the
application of additional drain-source biasing (700 mV)
inverses the order of the blue “without carriers”and red
with carriers traces suggesting “negative transmission”.
This very important point will be systematically investi-
gated and discussed in the next parts of this paper.
Generally, the experimental spectra T 2P and T
2
CNP con-
tain information about THz transmission, reflection and
absorption. The key parameter that governs the under-
lying physics in an array of conducting strips is the ratio
of the conductivity in the active region to the light veloc-
ity: 2piσ1/c
√
 (see Refs. [49, 50] and discussion in Sec. A
of the Supplementary material). Here  is the dielectric
constant of the surrounding media.
For the case, when this parameter is small,
2piσ1
c
√

 1, (1)
the transmission coefficient is approximately given by
T ≈ 1−A, (2)
where A  1 is the absorption coefficient (see Supple-
mentary Material). The quantity, which is measured in
the experiment, is proportional to T 2, because incoming
beam goes through the array of the conducting strips,
reflects from the metallic substrate (mirror), and it goes
again through the array of the conducting strips. We get
T 2 ≈ (1−A)2 ≈ 1− 2A. (3)
As mentioned above the quantity that we interpret in
the experiment is (1−T 2P /T 2CNP), where T 2CNP is the spec-
tra registered with whole sample at CNP condition and
T 2P is the spectra obtained with only one of the grating
gates “biased”. Using Eq. 3 one can show that measured
quantity is proportional to 2A. In fact, correction to the
transmission coefficient in our experiment is smaller be-
cause the size of the beam Sb is bigger than the samples
grating area Sg. The measured absorption is given by
2A˜ = 2ASb/Sg.
The coefficient A can be simply expressed in terms
of radiation-induced correction to the dissipation in the
system, δP :
A =
δP
S =
8piδP
c
√
E20
. (4)
Here E0 is the amplitude of the incoming radiation and
S = c√E20/8pi is the time-averaged radiation Pointing
vector for linearly-polarized wave. Using Eq. (3) and
Eq. (4), we obtain (1 − T 2P /T 2CNP) ≈ 2A˜ ∝ δP. This is
the quantity 2A˜ which we plot in all experimental figures.
Importantly, this quantity is proportional to the dissipa-
tion in the channel—the property, which we will use for
the theoretical interpretation of our results.
We emphasize that in addition to dissipation in the
channel, there also exist radiation losses. However, a de-
tailed analysis performed in Ref. [49] for a similar struc-
ture showed that the radiation losses are small when con-
dition (1) is satisfied. In particular, the rate of radiation
attenuation (Γ in the notation of reference [49]) is small
compared to the momentum relaxation rate γ provided
that the condition (1) is fulfilled. Therefore, it is enough
for us to analyze the rate of dissipation in the channel
and this radically simplifies the calculations.
III. EXPERIMENTAL RESULTS
A. Resonant plasmons at zero drain current
conditions
In Fig. 5 we show the results of some systematic mea-
surements with zero drain voltage/current applied to the
structures (Ud = 0 V).
Comparison of the measurements results for two dif-
ferent polarizations of the THz radiation: parallel and
perpendicular to the gate fingers are shown in Figs. 5(a)
and 5(b) respectively. This comparison is done for the
same electrical doping of cavities (Ug − UCNP ∼ 3 V).
One can see that, in the parallel polarization case, the
extinction spectra are characterized by the Drude-like re-
sponse with a monotonic decrease of the absorption with
frequency [50]. In contrast, in the perpendicular polar-
ization, a completely different line shape was observed
with a pronounced resonant absorption peak shifting to
higher energies for narrower gate fingers.
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FIG. 3. Measurement setup. (a) Terahertz time-domain spec-
troscopy (THz-TDS). (b) Total reflection configuration. The
incident THz radiation pulse was linearly polarized. The sam-
ple stage was rotated to obtain the radiation polarization per-
pendicular or parallel to the drain-source direction. (c) Typ-
ical time trace for samples with (orange) and without gate
biasing (green) in the measurement system are shown in up-
per panel. Spectrum are obtained by FFT transformation of
the same signal in lower panel
In the case of the polarisation parallel to the stripes
the dissipation is due to the Drude absorption and mea-
sured extinction spectra can be fitted by using the Drude
formula:
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FIG. 4. Typical time traces obtained for A-DGG1 sample
with (orange) and without gate biasing (green). Left panels
(a)-(c) experiments without drain-source biasing (Ud = 0),
right panels (e)-(g) the results obtained with a strong drain
biasing at Ud = 700 mV. Panels (b) and (f) are magnification
of the shadowed regions in the panels (a) and (e) respectively.
One can observe that the drain-source biasing inverses the or-
der of magnitude of orange and green traces in the time traces
and spectra row data. Panels (d) and (h) show spectra ob-
tained by Fourier transform for time traces with and without
gate biasing, respectively.
where γ1 = 1/τ1 is the plasmon relaxation rate in ac-
tive area and coefficient in this equation is frequency-
independent. The fitted values of the amplitude and
plasma frequency varied for each cavity, while the varia-
tion of τ1 was fairly small: 0.12 ∼ 0.13 ps.
Likewise, using the results of the supplementary mate-
rials, we fitted the frequency dependencies of the extinc-
tion spectra for the perpendicular polarization case by
formula of the so-called damped oscillator model [50–53]
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FIG. 5. Gate length dependent extinction spectra of the
graphene structures for Ud = 0 V with incident light polar-
ized parallel (a) and perpendicular (b) to the gates fingers.
The measured data points and lines are the fits by the Drude
model fit for parallel polarization and the damped oscillator
model for perpendicular polarization. Black solid squares are
a maximum of experimental resonant plasma frequencies as
a function of the wave vector q = pi/L1 . Black straight line
through these dots is the best linear fit (right hand scale).
A˜ ∝ γ1
γ21 + (ω − ω21/ω)2
≈ γ1/4
δω2 + γ21/4
. (6)
where ω1 is the resonance frequency in the active region
with high conductivity and δω = ω − ω1. The lines in
Fig. 5 correspond to theoretical calculations. The cal-
culated curves agree quantitatively very well with the
extinction spectra registered in the experiments.
It is worth noting that the radiation with parallel po-
larization does not lead to redistribution of charge even in
the case of non-zero dc current, so that plasmonic effects
do not show up for such a polarization.
In Fig. 5(b) we show also the frequency as a function of
the wavevector (q = pi/L1) where L1 is the single finger
gate width of the active region with high conductivity
(right hand scale). One can see that the resonant fre-
quency scales almost linearly with q determined by the
length of the grating finger, suggesting that in the inves-
tigated structures the grating fingers act as independent
cavities with 2D gated plasmons with dispersion rela-
tion close to ω = s1q, with s1 ∼ 3 × 106 m/s. The
important thing is that plasma wave velocities are in all
regions higher then Fermi velocity in graphene. As a con-
sequence in our experimental situation, the carrier drift
velocities in all regions are smaller than the plasma wave
velocities.
Summarizing, the results from Fig. 5 show that: (i) the
metallic gates are close enough to 2DEG to grant disper-
sion very close to linear - strongly gated plasmon disper-
sion, and (ii) it is not the grating period, but the single
finger dimension that determines the plasmons wave vec-
tors.
In Fig. 6 we show the results of the study of the plas-
mon resonances, as a function of the gate voltage (2D
carrier density). As in all experiments, the gate voltage-
dependent extinction spectra are shown while tuning the
only one cavity gate at the time and keeping all other
parts of the sample at the charge neutrality condition.
The gate voltage-dependent data show a clear blue-shift
and increase of the strength of the absorption peak fre-
quency with increasing carrier density (increasing gate
voltage). As shown in Figs. 6(a)- 6(e), the fitting curves
obtained using the damped oscillator model agree very
well with the measured extinction spectra.
Figures 7 shows the gate-voltage dependences of the
extracted plasmon frequencies. One can see that a sam-
ple with a shorter cavity length has a higher frequency
at a given gate voltage. Figure 7 also shows theoreti-
cal plasmon frequencies, as functions of the gate voltage
calculated as
ωq =
√
4e2T ln[2 + 2 cosh(εF /T )]
~2εq[1 + coth(qd)]
q, (7)
where q is the plasma wave vector, d is the thickness
of the top h-BN layer given in Tab. I, ε = 4.5 is the
dielectric constant of h-BN layers [54], εF is the Fermi
energy, T = 300 K is the temperature. At sufficiently
high electron concentration (εF  T,), Eq. (7) simplifies
to the well known form [27, 29]:
ωq =
sq√
qd[1 + coth(qd))]
. (8)
Here
s =
√
4e2εF d
ε~2
, (9)
is the plasma wave velocity (s = s1 in the active region,
and s = s2 in the passive region). The factor qd[1 +
coth(qd)] describes deviation from the linear dispersion
and is important when the thickness of the top h-BN
layer is comparable with the gate lengths (L1 or L2).
In the calculations, we have taken into account the
quantum capacitance correction [48], fringing and plasma
leakage as predicted by phenomenological model de-
scribed later in the work and in the supplementary mate-
rials. One can see that the theoretical calculations made
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FIG. 6. Gate-voltage-dependent extinction spectra of the
graphene structures for Ud = 0 V with incident light polar-
ized perpendicular to the gate fingers. Panels (a), (b), (c), and
(d) presents results for C 1, C 2, C 3, and C 4 cavities, corre-
spondingly. The experimental data are marked as dots, and
continuous lines are the results of fits using standard physical
models of gated 2D plasmons in graphene.
without any fitting parameters reproduce relatively well
the absolute values and the functional gate voltage de-
pendencies of the plasma frequency for all four cavities,
close to 1/4 power dependence. The small discrepancies
may result from the uncertainty of h-BN layer thickness
determination (precision ∼ 10%) and unknown exact
value of the dielectric function. In fact in the literature
one can find  in the range from 3.5 to 5 [54–57]. Also
in our calculations graphene Fermi velocity was assumed
carrier density independent, where in principle it may
change in the range, between 1.3 ×106 to 1.0 ×106 m/s
in our experimental conditions [57, 58].
It should be stressed however, that independently of
small numerical discrepancies, the observed plasma fre-
quency follows 1/4 power dependence on gate voltage (car-
rier density) typical for plasmons in graphene - as shown
by dotted line in Fig. 7 (see also Fig. 6(b) in supplemen-
tary materials).
THz plasmon resonances in graphene have been al-
ready observed in micro-ribbons [50, 59, 60], rings,
disks [51, 52, 61, 62] and grating-gate structures [38].
However, it is worth to mention that: i) here we report
the first experimental observations of such plasma stand-
ing waves with 100% gate tunable frequency and ii) the
plasmon related extinction coefficient is going up 19%.
To summarize this part, the scaling behavior of plas-
mon frequency versus the plasmon wave vector and the
gate voltage shown in Figs. 5, 6 and 7 were successfully
calculated using standard physical models of gated 2D
plasmons in graphene [27–29].
They clearly confirm the existence of 2D plasmons os-
cillating at THz frequencies in our graphene/h-BN nanos-
tructures and allow an unambiguous attribution of the
observed resonances to 2D plasmons in the individual
fingers of the grating-gate defined cavities C1,..., C4.
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FIG. 7. Gate voltage dependence of the extracted resonance
frequency. Continuous lines are results of calculations ac-
cording Eq. (7) with corrections to fringing and plasma leak-
age phenomena- see supplementary materials for more details.
The dotted line is 1/4 power dependence as a function of the
gate bias, typical for plasmons in graphene.
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B. Plasma resonances in the presence of the dc
current
The most important part of the present work concerns
the experimental investigations of the influence of the
dc drain-source bias Ud on the identified earlier THz 2D
plasmons resonances.
In Fig. 4 one can see examples of experimental time
traces and their Fourier transform for cavity C2 (1 µm)
with and without applied drain bias. The results: first
(T 2CNP) with all the gates ‘unbiased ’(set at the CNP) and
the second with only C2 cavity gate ‘biased’ at ∼ 3 V
– (T 2P ) are plotted. Comparing the results with and with-
out drain-source biases, one can clearly see that in the
range of plasmonic resonances the order of the traces with
and without gate biasing is inverted after switching on
the drain-source voltage (700 mV). First for zero drain
bias, when the cavity C2 is filled with carriers –the outgo-
ing light intensity is lower than the incoming one (plasma
resonant absorption). For high drain voltage (700 mV),
in contrast, the registered signal is higher when the cav-
ity is filled with carriers (amplification or emission).This
is the reason why in the last right panels data plotted as
2A˜ show negative values.
To further investigate this intriguing behavior, we per-
formed very systematic measurements versus drain bias
for all four cavities. In Fig. 8 we show 3D plot illustrat-
ing the typical drain bias dependence of the extinction
(C2 plasma cavity). With increase of the dc current, a
strong red shift of the resonant THz plasmon absorption,
a region of complete transparency to incoming radiation,
followed by the amplification and blue shift of the reso-
nant plasmon frequency are observed.
In Fig. 9 we collect all results in the form of the 2D
plots - keeping the colour code as in the Fig. 8. As Ud
increases, the absorption peak clearly shifts to lower fre-
quencies along with a noticeable reduction of plasmon
resonance amplitude. Then the absorption completely
vanishes, as seen for example in the measured extinction
spectra for cavity C1, being zero at Ud ∼ 45 mV up to
Ud ∼ 90 mV [see Fig. 9(a)]. In this drain voltage range,
the plasmonic device C1 becomes perfectly transparent
to the incoming THz radiation within the entire experi-
mental bandwidth. It is important to stress that, here we
report the first experimental observation of such a strong
Doppler shift of plasma resonances in graphene and the
transparency behavior over a relatively wide frequency
range (0.1 to 3 THz). With increasing Ud beyond this
transparency regime, a resonant “negative absorption”
feature appears in the extinction spectra and shifts with
increasing drain bias towards higher frequencies (notice-
able blue shift).
Throughout all of our experiments, the data from all
cavities C1, . . . , C4 were quite similar with the amplifi-
cation threshold voltage increasing with the cavity length
Lg and important widening of the transparency range
(from about 50 mV up to 300 mV).
The results presented in Fig. 9 show some universal
FIG. 8. Drain bias dependent spectra for the C 2 plasma cav-
ity. Blue color marks absorption; green zone is the gap be-
tween absorption and emission and the red colour corresponds
to amplification. Arrow indicates raising drain bias.
behaviour. This is visualised when we present them in re-
scaled mode. In Fig. 10, the vertical axis is the frequency
divided by its value at Ud = 0 and the drain voltage (the
horizontal axis) is normalized by the drain voltage U0 at
which the plasmon frequency tends to zero (see Fig. 9).
Very good quantitative agreement both at low and at
high currents can be obtained by fitting experimental
curves as
ω21(x)
ω21(0)
= 1 + ζ + x2 −
√
ζ2 + 4x2(1 + ζ) (10)
where ω1(x) stands for position of the plasmonic reso-
nance, x = Ud/U0, ω1(0) is the experimentally measured
value of the plasmonic frequency at zero current. Ud is
the voltage across the structure, U0 is the voltage cor-
responding to onset of the transparency window, and ζ
is a fitting parameter. The values of ζ corresponding to
solid lines in Fig. 10 are presented in Table II. The uni-
fied universal behavior of frequency at low currents (for
x < 1) can be obtained by taking in Eq. (10) the limit
ζ →∞, which yields
ω21(x)
ω21(0)
= 1− x2 = 1−
(
Ud
U0
)2
, (11)
The similar functional dependence of the plasmon fre-
quency versus electron drift velocity of 2D electron gas
in GaAs/AlGaAs grating gate structures (Eq. 10) was
obtained in Ref. [49]. However, the physical model used
in this work can not be applied to interpret our results.
Validity of the physical model of Ref. [49] for our struc-
tures and analogy used to derive Eq. 10 will be discussed
in more details in the following section and in the Sup-
plementary materials.
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TABLE II. Properties of different plasma cavities.
Cavity Name C 1 C 2 C 3 C 3
Structure/sample A-DGG2 A-DGG1 A-DGG2 A-DGG1
L1 (µm) 0.5 0.75 1.0 1.5
L2 (µm) 3.5 3.0 3.0 2.25
U0 (mV) 45 69 92 143
UT (mV) 90 159 267 458
s1 (10
8 cm/s) 3.2 3.2 3.1 3.1
s2 (10
8 cm/s) 1.6 1.6 1.6 1.6
f1 = ω1/2pi (THz) 2.76 1.90 1.45 0.97
f2 = ω2/2pi (THz) 0.11 0.23 0.24 0.32
ζ 1.5 2.3 3.1 5.1
n1 (10
12 cm−2) 2.0 2.0 2.0 2.0
n2 (10
12 cm−2) 0.1 0.1 0.1 0.1
IV. PHENOMENOLOGICAL DESCRIPTION OF
THE OBTAINED RESULTS
A. Plasmonic crystal model.
In phenomenological interpretation, we consider a plas-
monic crystal composed of two different regions with
lengths L1 and L2, plasma velocities s1, s2, carrier den-
sity n1, n2 and drift velocities V1, V2 (see Fig. 11). We
assume that n1  n2 and refer region “1” as active and
region “2” as passive. The plasma waves velocities s1
in the electrically doped active cavities (for gate volt-
age 3 V) were calculated from experimental data shown
in Fig. 7, using Eq. 8. The results are shown in Ta-
ble II. One can see that for all cavities s1 ∼ 3.2 × 108
cm/s. Because the plasma velocity is proportional to the
(1/4) power of the carrier density(see Eq. 9), the plasma
velocities in CNP passive cavities can be estimated as
s2 ∼ s1/2 ∼ 1.6 × 108 cm/s. The drift velocities in the
electrically doped regions (active regions) V1 are by more
than one order of magnitude lower than these in the CNP
regions. The ratio (V2/V1 ∼ n1/n2 ∼ 10) of the drift ve-
locities stems from the dc current continuity condition
(n1V1 = n2V2). We also take into account in this subsec-
tion that damping rates in the passive and active regions
can be different. We assume, however, that they have
the same order of magnitude: γ1 ∼ γ2.
Importantly, plasma wave velocities are in all regions
higher than Fermi velocity in graphene. As a conse-
quence, in our experimental situation, the carrier drift
velocities in all regions are smaller than the plasma wave
velocities.
Therefore the most important theoretical challenge is
to find the physical process/mechanism in which the am-
plification can take place for drift velocities below the
plasma wave velocity. In this work, we will develop a
phenomenological theory which shows that indeed, am-
plification is possible for V1 < s1. This theory shows a
possible way of physical interpretation and gives univer-
sal dependence of the plasmonic frequency on the current
in a sense that the only controlling parameter is V1/s1.
Let us consider the structure shown in Fig. 11. In the
absence of dissipation, such structure represents an ex-
ample of 1D plasmonic crystal, with the plasma wave
spectrum, ω(k), which describes allowed and stop bands
and should be found from the following dispersion equa-
tion [63]:
cos(kL)=cos(ωT1) cos(ωT2)−Z sin(ωT1) sin(ωT2). (12)
Here k is the plasmon quasimomentum, T1 = L1/s1,
T2 = L2/s2 are the plasmon transit times, and Z =
(s21+s
2
2)/(2s1s2) is the mismatch parameter. For simplic-
ity, we consider theoretically only the case s1  s2, when
Z  1. In this case, allowed bands have negligible widths
and can be found from equation sin(ωT1) sin(ωT2) = 0,
which describes plasmonic oscillations in the active re-
gions with the fundamental frequency ω1 = pis1/L1 and
in the passive regions with the fundamental frequency
ω2 = pis2/L2 (see Fig. 12).
Let us assume that this structure is illuminated by ra-
diation with the large wavelength, λ  L1, λ  L2, so
that the electric field of radiation is approximately homo-
geneous. This field excites plasmonic oscillations both in
active and passive regions. The plasmonic resonances oc-
cur, when frequency of the external field equal to nω1 and
mω2, where n and m are the integer numbers. Equation
(12) can be easily generalized for realistic dissipative case
γ1 6= 0, γ2 6= 0, when spectrum of the plasmonic crystal
acquires also an imaginary part: ω(k) = ω′(k) + iω′′(k).
Corresponding dispersion equation is quite cumbersome
and we do not present it here. However, the physical
results obtained from this equation can be understood
based on simple physical consideration.
We assume that
s1/L1  γ1 ∼ γ2  s2/L2. (13)
In this case, resonances in the passive region strongly
broaden and overlap. Physically, this means that plasma
waves rapidly decay along the passive region, which, in
turn, implies that different active regions are discon-
nected at plasmonic frequencies. This is in an excellent
agreement with experimentally observed independence of
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FIG. 9. Drain-bias-dependent properties of the C 1, C 2, C 3,
and C 4 plasma cavities. The left-hand panels show the spec-
tra (a), (b), (c), and (d), correspondingly. The right-hand
panels show the contour plots (e), (f), (g), (h), correspond-
ingly. The dotted lines on contour plots are results of the fit
with a phenomenological formula Eq. 10 as described in Sec.
III.
different active regions. On the other hand, different ac-
tive regions are connected at zero dc frequency in a sense
that dc current flows through the system.
Let us clarify this point in more detail. The oscillations
decay into passive region as ∝ exp(−γδx/s2) (here δx
is coordinate counted from the border between regions).
Under the condition (13), this exponent at δx = L2 be-
comes∝ exp(−γL2/s2) 1. Hence, the coupling of oscil-
lations in the neighboring active regions is exponentially
small and one can reduce the problem to calculation of
excitation in a single active strip with proper boundary
conditions. A detailed discussion of such an approach is
presented in the Supplementary material. For zero cur-
0 1 2 3 4 50 . 0
0 . 5
1 . 0
1 . 5
2 . 0

1(x)
/ 1(
0)
x  =  U d  /  U 0
 C 1 C 2 C 3 C 4
FIG. 10. The experimental results showing resonant fre-
quency versus drain voltage bias in normalized scales. Dotted
lines show results of calculations according to Eq.(10).
Jdc
L1 L2
s1 s2
E = E0 cos( t)
FIG. 11. 1D plasmonic crystal driven by dc current in the
oscillating field of THz radiation.
rent, the proper conditions look
δj1(0) = δj1(L1) = 0, (14)
which means that the current is fixed on both sides of
the active region. Such conditions allow us for detailed
quantitative description of plasmonic resonances in trans-
mission coefficient.
To check how inequalities Eq. (13) are fulfilled in our
experimental situation we have to estimate resonant fre-
quencies in the passive and active plasma cavities. The
length of CNP cavities do not vary much and for rough
estimations, one can take L2 ≈ 3 µm which leads to
plasma angular frequency as ω2 = 2pif2 ≈ 1.6 THz. One
can see that the condition ω1  ω2 (or, equivalently,
s1/L1  s2/L2) is relatively well fulfilled for all four
experimental configurations (active cavities C1,...C4).
ω1
active
region
passive
region
ω2
FIG. 12. Active regions of the plasmonic crystal with large
fundamental frequency are separated by passive regions with
small frequency
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B. Resonance frequencies and broadening of
resonances for zero current.
Let us first consider the case of zero current. In this
case, existence of the two plasma regions has two conse-
quences - the plasma frequency is shifted toward lower
frequencies and broadening appears (similar broadening
was predicted for a single gate problem in Ref. [64]).
These two phenomena are described by following equa-
tions (see supplementary materials):
γeff = γ1 +
2s1
L1
ln
(
s1 + s2
s1 − s2
)
, (15)
where γ1 = 1/τ1, τ1 is the momentum relaxation time in
the active region (in this subsection, we assume that γ1
can differ from γ2, but have the same order of magnitude,
γ1 ∼ γ2, so that inequality (13) holds for both γ1 and γ2)
δω1 =
pi(γ2 − γ1)s1s2
(s21 − s22)
[
pi2 + ln2( s1+s2s1−s2 ).
] , (16)
The effective width of the plasma cavities L1 should also
include correction related to the fringing effect, that leads
to the following correction of the plasmon frequency:
δωfr1 =
2d
L1
ω1. (17)
In Fig. 13, we show the momentum relaxation time τ1
determined from transport measurements together with
plasmon relaxation time τeff = 1/γeff , calculated us-
ing Eq. (15). We also show experimental plasmon relax-
ation time determined from the fit of the resonances (see
Fig. 6). One can see that leakage-induced contribution
to the damping reduces the relaxation time by approxi-
mately one order of magnitude, and calculated relaxation
times are in relatively good agreement with experimental
data.
This explains why the widths of plasma resonances
are much larger than those predicted from the trans-
port experiments. It should be stressed that in the plas-
monic crystal approximation developed here, the cor-
rection to the resonant frequency (Eq.(16)) is relatively
small. Therefore the experiments in the absence of
the drain bias can be interpreted taking the standard
graphene plasmon description of independent plasmon
cavities Eq. (7), (8), (9). For a more detailed discussion
of plasmons resonances width and corrections to plasma
frequency see supplementary materials.
C. Energy dissipation and amplification.
Next, we discuss the most important experimental ob-
servation — the optical signal amplification observed
when the drift velocity in the active region is smaller
than corresponding plasma wave velocity, s1. To de-
scribe this phenomenon, we calculate dissipation in the
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FIG. 13. Relaxation time as a function of the gate bias. τ1 is
the momentum relaxation time in the active region shown as
the black diamonds, τeff is the plasmon relaxation rate calcu-
lated using Eq. (15) (solid lines), color dots are experimental
τeff .
channel under the drain biased condition and demon-
strate that with increasing the current, it decreases and
changes sign, which implies amplification. We will dis-
cuss the problem in the hydrodynamic regime assum-
ing that electron-electron collisions dominate over other
types of scattering. (For discussion of crossover from hy-
drodynamic to ballistic regime and of the Cherenkov in-
stability in graphene see Refs. [38, 39].) The suggested
mechanism should work for any electronic spectrum, but
calculations are more compact and physically transpar-
ent for parabolic spectrum characterized by the effective
mass m. We thus restrict ourselves to the discussion of
this case only. Qualitatively, the results are valid also for
graphene, where role of m is played by EF /v
2
F .
The theoretical model that we develop in this work
simplifies if, in addition to inequality (13), we also assume
that s1  s2 [this inequality is different from Eq. (13) for
L2  L1]. This condition is not strictly fulfilled (in our
experimental situation s1/s2 ∼ 2 only) and this could
be one of the possible reasons for lack of quantitative
agreement with experiment (see discussion and the sup-
plementary materials).
Since oscillations rapidly decay into passive regions,
we consider dissipation in the active region only and put
boundary conditions (14) for all active strips. Dissipation
per unit area is given by
P =
〈
N
mv2
τ
〉
t,x
, (18)
where τ is the momentum relaxation time, N is local con-
centration in the channel and v is the total velocity given
by sum of the constant velocity related to dc current and
the oscillating component (see Ref. [65]). Equation (18)
implies averaging over active and passive regions, where
N and τ have different values. However, the main con-
tribution comes from region 1, owing to the higher con-
ductivity and resonant excitation. Hence, we skip the
contribution of region 2 [here, in order to find dissipation
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averaged over the structure as a whole, the dissipation
calculated in region 1 should be multiplied by the factor
L1/(L1 + L2)].
Calculation of dissipation for the zero-current case is
presented in Supplementary materials. We derived there
an exact formula for dissipation, Eq. (S21), and demon-
strated that it can be (with a good precision) replaced
by simplified equation obtained within so-called damped
oscillator model [see Eq. (S25) of Supplementary materi-
als]. This, in turn, results in Eq. (6) for correction to the
transmission coefficient. The latter equation perfectly
fits the observed resonances provided that one replaces
γ1 with γeff . This gives additional confirmation of the
plasmonic mechanism.
Let us now assume that we apply driving dc current
in the system leading to non-zero electron drift velocity
V1 in the active region. In this case, the expression for
dissipation in the active region should be modified as
follows:
P1 =
〈
N1(1 + n1)
m(V1 + v1)2
τ1
〉
t,x
≈ mN1
τ1
(
V21 +
〈
v21 + 2V1v1n1
〉
t,x
)
(19)
Here, v1 and n1 = δN1/N1 are the radiation-induced cor-
rections to drift velocity and normalized concentration,
respectively. Hence, radiation-induced correction to dis-
sipation in the active region is given by
δP1 =
mN1
τ1
〈
v21 + 2V1v1n1
〉
t,x
. (20)
The second term in this equation arises due to the pres-
ence of the current. Remarkably, this term depends on
the phase shift between n1 and v1, and can be negative.
This means that Eq. (20) is not positively defined and
for special cases δP could become negative. This im-
plies switching from dissipation to amplification. The
full theoretical description of the plasmonic crystal with
two regions having arbitrary properties is quite cumber-
some but can be essentially simplified for the case, when
damping of plasmonic oscillations in the passive region is
sufficiently large, so that condition Eq. (13) holds.
We use the same approach as we used to study the
response at zero current (see Supplementary material).
Namely, we will describe the problem phenomenologi-
cally, by using the same boundary conditions, Eq. (14),
as for the zero-current case.
We linearize the hydrodynamic equations and search
for solution in the following form v1 = δv1(x)e
−iωt + h.c.
and n1 = δn1(x)e
−iωt + h.c., where δv1(x) and δn1(x)
obey (
V1 ∂
∂x
− iω + γ1
)
δv1 + s
2
1
∂δn1
∂x
=
F0
2m
, (21)(
V1 ∂
∂x
− iω
)
δn1 +
∂δv1
∂x
= 0. (22)
The oscillating correction to the current is given by j1 =
δj1(x)e
−iωt + h.c., where
δj1(x) = s
2
1 [V1δn1(x) + δv1(x)] . (23)
We solve Eqs. (21) and (22) with boundary conditions
Eq. (14), substitute v1 and n1 into Eq. (20) and average
over time and space. Thus obtained solution depends on
the current, which is encoded in the drift velocity with-
out radiation, V1. Calculations are very similar to the
conventional calculation of the response of a single FET
(see Refs. [9] and [66]). The dependence of total averaged
dissipation δP = [L1/(L1 + L2)]δP1 on ω for different
V1/s1 is shown in Fig. 14. Qualitatively, this dependence
FIG. 14. Dissipation in the channel for different values of
V1/s1
is similar to the experimentally observed one. Indeed,
as seen, with increasing the current, the frequency and
the amplitude of the plasmonic resonance decrease. For
sufficiently large current, δP changes sign, which implies
amplification. It is worth noting, however, that there ap-
pear some new peaks in the amplification, which are not
seen in the experiment. General analytical expression for
dissipation simplifies to the form allowing an analytical
solution if the quality factor of resonance is high, so that
its frequency is much larger than damping. For this case,
assuming L1 = L2 = L, we get
δP =
F 20N1
mpi2
γeff
[ω − ω1(x)]2 + γ2eff/42
A(x), (24)
where
ω1(x) =
pis1
L1
(1− x2), (25)
A(x) =
(1− 3x2) cos2(pix/2)
(1− x2)2 , (26)
is the frequency and amplitude of the resonance, respec-
tively, which depend on x = V1/s1. Even if this analytical
solution was obtained for conditions somehow far from
the experimental ones, it captures main characteristics.
It shows both the Doppler shift and the possibility of am-
plification. Indeed, the frequency ω1(x) depends on cur-
rent [see Eq. (25)], while amplitude A(x) turns to zero at
certain value of x = x0 = 1/
√
3, which is the dissipation-
amplification transition point as shown in Fig. 15.
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FIG. 15. The amplitude of the dissipation as a function of
x = V1/s1. Dissipation-amplification transition corresponds
to x = x0 = 1/
√
3.
V. DISCUSSION
Let us briefly discuss other known mechanisms of am-
plification and instability.
First of all, it is instructive to compare our theoretical
model with the theory developed in Ref. [49] for grating-
gated 2DEG in GaAs. This theory predicted that with
the increase of the current (drift velocity) one may ob-
serve strong Doppler shift of plasma resonance followed
by 100% transparency range and amplification. These
predictions are very similar to our observations. More-
over, in principle, Eq. (10) can be obtained from Eq. (52)
of [49] (see Supplementary material). However, despite
the good description by Eq. (10), the physical interpre-
tation using the models of Ref. [49] is not possible. This
model describes different physical situation, namely, in
contrast to our system, the electron concentration is ho-
mogeneous in the absence of radiation.
The second reason, which is even more important, is
the fact, that to explain amplification within this model
one uses Cherenkov like effects that require drift velocity
in the active region to be higher than the plasma wave
velocity. Indeed, it turns out that x = Ud/U0 = V1/s1,
so that amplification is only possible for V1 > s1. At
the same time, our experimentally determined plasma
velocity (s1 ≈ 3.2 × 108 cm/s) is higher than the Fermi
velocity in graphene. The latter represents the upper
limit for drift velocity. Therefore, in our experiments
V1  s1.
In Ref. [63], the instability in gated plasmonic crystal
was predicted for the case when drift velocity exceeds
plasma wave velocity in the passive region. This mecha-
nism, however, was developed for ideal system with very
low momentum relaxation rate γ2  s2/L and cannot
be applied for our system, where experimental condi-
tions correspond to inequality (13). Also, since exper-
imental data show the strong evidence that the thresh-
old value of velocity, corresponding to onset of amplifi-
cation is smaller than the plasma wave velocity in the
active region; we can exclude other mechanisms related
to Cherenkov-like plasmon instability [49, 58, 67–69].
There are only a few theoretical predictions of plasma
instability for drift velocities smaller than the plasma ve-
locity. Most known is the instability based on amplified
plasmon reflection at the cavity boundaries [8]. This in-
stability is called Dyakonov-Shur instability. The evo-
lution of dc response with the current increasing and
approaching to instability threshold was described in
Ref. [66]. It was predicted that current leads to de-
crease of the damping rate in the channel, which turns
to zero on the instability threshold [see Eq. (59) and (60)
of Ref. [66]]. Evidently, such a scenario is not realized in
our experiment, where the width of resonances does not
essentially depend on the dc current.
Although one cannot fully exclude the mechanism
based on so-called transit time instability (it is caused
by exchange of excitation between active regions due to
carriers moving with saturated drift velocity in passive
regions) considered in Refs [70–72], there are some exper-
imental facts against this mechanism. Most importantly,
this mechanism implies a strong connection between ac-
tive regions via exchange of excitation travelling through
passive regions. At the same time, the experimental data
show that active regions behave like independent plas-
monic resonators.
Importantly, in our work we do not suggest instability
mechanism. Instead, we predict that current-driven am-
plification of the incoming radiation is possible without
developing any kind of plasma instabilities. Then, limita-
tions V1 > s1 (needed for Cherenkov instability) and/or
built-in asymmetry of the device (needed for well known
Dyakonov-Shur instability [8]) are lifted. We demon-
strate theoretically that amplification is possible even if
the drift velocity in the active region is smaller than the
plasma wave velocity (V1 < s1).
Let us now discuss possible reasons, why the derived
equations do not give experimentally observed trans-
parency gap. As we demonstrated, in the absence of
dissipation, for s1  s2, and for zero current, dispersion
equation (12) reduces to the product of two sines, which
give resonance excitation frequencies. One can show that
in the presence of dissipation and for nonzero current,
the argument of sine corresponding to the active region
transforms as follows
ωT1 → L1
√
s21ω(ω + iγ1)− γ21V21/4
s21 − V21
. (27)
To find the fundamental mode frequency, one should
equal this expression to pi, which yields ω1 = ω
′
1 + iω
′′
1 ,
where ω′′1 = −γ/2 and (ω′1)2 = (pis1/L1)2(1 − x2)2 −
γ21(1 − x2)/4. Hence, (ω′1)2 turns to zero for x = x∗,
where
x∗ =
V∗1
s1
=
√
1−
(
γ1L1
2pis1
)2
< 1. (28)
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When x exceeds x∗, the solution for ω1 disappears be-
cause (ω′1)
2 can not be negative. Therefore, x∗ corre-
sponds to the onset of the transparency gap. Actually,
this gap does not have a sharp edge because ω′′1 6= 0.
The latter property is similar to our experimental ob-
servations. Indeed, Fig. 10 shows gap for the center of
resonance peak. In fact, this peak is broadened due to the
scattering within the sufficiently large frequency interval
about 1 THz (see Fig. 9, where smearing of resonances is
shown in different shades of colors). This gap does not
show up in our theory because we were able to perform
calculations only for the resonance case γ1  pis1/L1. In
this case, x∗ is larger than critical value of the dissipation-
amplification transition, x0 = 1/
√
3 (see Fig. 15.)
We also note that our calculations were based on as-
sumption s1  s2, which is not well fulfilled in our exper-
iment. Actually, in experiment, the mismatch parameter
Z entering Eq. (12) is not large (and, as one can show,
depends on the current). This should be taken into ac-
count when calculating the band structure of the plas-
monic crystal and determining the transparency gap.
A more detailed analysis allowing to consider the case
s1 ∼ s2 and take into account that parameter γ1L1/2pis1
is not very small leads to very cumbersome equations
that can be analyzed only numerically. It is the subject
of ongoing work and its results will be published else-
where [73].
Finally, we note that interesting issue for future study
is the response to the radiation with parallel polarization.
As we mentioned above, such a radiation does not lead
to redistribution of charge even in the case of non-zero
dc current in perpendicular direction, so that plasmonic
effects do not show up. What is non-trivial in this case
is the role of the viscosity of the electron liquid in the
channel [74–76]. Indeed, because of different velocities in
the passive and active strips (due to difference of scatter-
ing times), one can expect viscosity-dependent friction
between active and passive regions. This might lead to
arising of Poiseuille-like flows oscillating with the radia-
tion frequency [76].
VI. CONCLUSION
We have presented a study of gate and drain biasing
on resonant 2D Dirac plasmons, excited by THz radia-
tion, in grating gate graphene field effect transistor struc-
tures. These grating gate structures were used to create
a periodic structure of highly-conducting active regions
separated by low-conducting passive regions.
Without applied current, we observed the 2D plasmons
with frequencies corresponding to the cavity modes ex-
cited under active grating-gate fingers. We have experi-
mentally demonstrated that at the zero drain bias condi-
tions, active regions act as independent ones. Specifically,
we found that excited plasmons follow both the scaling
laws of plasmon dispersion and the gate voltage depen-
dencies predicted by standard physical models developed
for a single active cavity.
The experimental results showed strong asymmetry of
plasmonic resonances. The shape of such asymmetric
resonances was very well fitted by the so-called damped
oscillator simplified model, which, in turn, was in a very
good agreement with the exact calculation of plasmonic
dissipation peaks in the active regions.
In the experiments with applied dc current, we ob-
served that increase of the current leads to a strong
Doppler-like shift of the plasma resonances, followed by
full transparency and THz light amplification phenom-
ena.
To interpret the experimental data, we have developed
a phenomenological model of a plasmonic crystal formed
by high and low plasma velocity regions (active and pas-
sive regions, respectively). The model captures basic
physics of the problem and allowed qualitative physi-
cal explanation of key experimental data. In the case
of the zero current it provided explanation why the mul-
tiple high carrier density graphene cavities (model active
regions) formed under gate fingers respond in the exper-
iments with THz excitation as independent single cav-
ity resonators with resonant frequency defined mainly by
their dimensions. The main effect of the passive regions
is to provide the plasmon leakage from the active regions,
which explains the line widths of the observed plasmon
resonances.
For non-zero current, the phenomenological model de-
scribes basic tendencies together with qualitative descrip-
tion of physical mechanism of amplification taking place
even for drift velocities smaller than the plasma veloci-
ties. The origin of the amplification phenomena is pro-
posed as due to influence of dc current on the phase shift
between the carrier density and drift velocity induced by
the THz radiation.
The presented model captures main trends and basic
physics of the observed phenomena, but it does not pro-
vide quantitatively complete descriptions of all observed
facts.It shows certain levels of discrepancies on the crit-
ical velocity and the threshold frequencies of the dissi-
pation to amplification transition, predicting them much
higher than the levels observed in the experiments.Also
the model is not describing the transparency frequency
intervals and do not demonstrate the origin of the inter-
polating Eq. (10), that provides an excellent fit of fre-
quency versus drain voltage experimental dependencies
for all cavities. Therefore, our results show a clear need
for further, more advanced theory of plasmonic crystals.
Summarizing, we list our main results:
• We have demonstrated current-driven excitation of
Dirac plasmons in grating-gate graphene-channel
transistor nanostructures leading to THz radiation
amplification up to room temperature. Specifically,
we demonstrated that the plasmon resonances are
redshifted, undergo complete transparency to elec-
tromagnetic radiation followed by the amplification
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with more than 9 % of gain and blue-shift of the
resonant plasmon frequency in the THz range.
• We have theoretically modeled the 2D Dirac plas-
mon system to explain the origin of the amplifica-
tion phenomena as due to influence of dc current
on the phase shift between the change of carrier
density and drift velocity induced by the THz ra-
diation. This radiation-induced correction to dis-
sipation is sensitive to this phase shift and with
increasing dc current the dissipation becomes neg-
ative, which capture the basic physics behind ex-
perimentally observed switching from dissipation to
amplification.
• We have demonstrated, both theoretically and ex-
perimentally.that transition to amplification regime
occurs at drift velocities smaller than the plasma
wave velocity. We theoretically found a critical
value of drift velocity corresponding to the onset
of amplification.
• We have discussed a leakage of plasma waves in the
plasmonic crystals, which can limit plasmonic qual-
ity factor even in very clean structures. We derived
analytical expression for leakage-dominated damp-
ing which shows that leakage can be controlled
by gates covering passive regions of the plasmonic
crystal.
Finally, we would like to stress that all experimen-
tal results presented in this work were obtained at
room temperature. We obtained amplification of
the order of 10 percent that is far beyond the level
of the fundamental limit for interband-transition-
originated gain in monolayer graphene. Therefore,
despite lacking a complete quantitative theoretical
description, this work demonstrating room temper-
ature THz amplification paves the way towards a
THz plasmonic technology with a new generation
of all-electronic, resonant, voltage- and current-
tunable THz amplifiers.
ACKNOWLEDGEMENTS
We thank V. Ryzhii, S. Mikhailov, D. Svintsov,
K. Maussang, M.S. Shur, M. Dyakonov for many useful
discussions.
The work was supported by JSPS KAKENHI
(#16H06361, #16K14243, and #18H05331), Japan; the
International Research Agendas program of the Foun-
dation for Polish Science co-financed by the European
Union under the European Regional Development Fund
for CENTERA (No. MAB/2018/9) and by the Foun-
dation for Polish Science through the TEAM project
POIR.04.04.00-00-3D76/16 (TEAM/2016-3/25). The
work of V.Yu.K. was supported by Russian Foundation
of Basic Research (Grant No. 20-02-00490) and by Foun-
dation for the Advancement of Theoretical Physics and
Mathematics BASIS. The work of V.V.P. was carried
out within the framework of the state task.
[1] A. V. Chaplik, Possible Crystallization of Charge Carri-
ers in Low-density Inversion Layers, Sov. Phys. JETP
35, 395 (1972).
[2] S. J. Allen, D. C. Tsui, and R. A. Logan, Observation of
the Two-Dimensional Plasmon in Silicon Inversion Lay-
ers, Phys. Rev. Lett. 38, 980 (1977).
[3] T. Theis, J. Kotthaus, and P. Stiles, Two-dimensional
magnetoplasmon in the silicon inversion layer, Solid
State Commun. 24, 273 (1977).
[4] D. Tsui, S. Allen, R. Logan, A. Kamgar, and S. Copper-
smith, High frequency conductivity in silicon inversion
layers: Drude relaxation, 2D plasmons and minigaps in
a surface superlattice, Surf. Sci. 73, 419 (1978).
[5] T. Theis, J. Kotthaus, and P. Stiles, Wavevector depen-
dence of the two-dimensional plasmon dispersion rela-
tionship in the (100) silicon inversion layer, Solid State
Commun. 26, 603 (1978).
[6] T. N. Theis, Plasmons in inversion layers, Surf. Sci. 98,
515 (1980).
[7] D. Tsui, E. Gornik, and R. Logan, Far infrared emis-
sion from plasma oscillations of Si inversion layers, Solid
State Commun. 35, 875 (1980).
[8] M. Dyakonov and M. Shur, Shallow water analogy for a
ballistic field effect transistor: New mechanism of plasma
wave generation by dc current, Phys. Rev. Lett. 71, 2465
(1993).
[9] M. Dyakonov and M. Shur, Detection, mixing, and
frequency multiplication of terahertz radiation by two-
dimensional electronic fluid, IEEE Trans. Electron De-
vices 43, 380 (1996).
[10] K. Hirakawa, K. Yamanaka, M. Grayson, and D. C. Tsui,
Farinfrared emission spectroscopy of hot twodimensional
plasmons in Al0.3Ga0.7As/GaAs heterojunctions, Appl.
Phys. Lett. 67, 2326 (1995).
[11] W. Knap, J. Lusakowski, T. Parenty, S. Bollaert,
A. Cappy, V. V. Popov, and M. S. Shur, Terahertz emis-
sion by plasma waves in 60 nm gate high electron mobility
transistors, Appl. Phys. Lett. 84, 2331 (2004).
[12] J. Lusakowski, W. Knap, N. Dyakonova, L. Varani,
J. Mateos, T. Gonzalez, Y. Roelens, S. Bollaert,
A. Cappy, and K. Karpierz, Voltage tuneable terahertz
emission from a ballistic nanometer InGaAs \InAlAs
transistor, J. Appl. Phys. 97, 064307 (2005).
[13] N. Dyakonova, F. Teppe, J.  Lusakowski, W. Knap,
M. Levinshtein, A. P. Dmitriev, M. S. Shur, S. Bollaert,
and A. Cappy, Magnetic field effect on the terahertz emis-
sion from nanometer InGaAs/AlInAs high electron mo-
bility transistors, J. Appl. Phys. 97, 114313 (2005).
[14] T. Otsuji, Y. M. Meziani, T. Nishimura, T. Suemitsu,
W. Knap, E. Sano, T. Asano, and V. V. Popov, Emission
16
of terahertz radiation from dual grating gate plasmon-
resonant emitters fabricated with InGaP \InGaAs \GaAs
material systems, Journal of Physics: Condensed Matter
20, 384206 (2008).
[15] S. Boubanga-Tombet, F. Teppe, J. Torres,
A. El Moutaouakil, D. Coquillat, N. Dyakonova,
C. Consejo, P. Arcade, P. Nouvel, H. Marinchio, T. Lau-
rent, C. Palermo, A. Penarier, T. Otsuji, L. Varani,
and W. Knap, Room temperature coherent and voltage
tunable terahertz emission from nanometer-sized field
effect transistors, Appl. Phys.Lett. 97, 262108 (2010).
[16] A. El Fatimy, N. Dyakonova, Y. Meziani, T. Otsuji,
W. Knap, S. Vandenbrouk, K. Madjour, D. The´ron,
C. Gaquiere, M. A. Poisson, S. Delage, P. Prystawko,
and C. Skierbiszewski, AlGaN/GaN high electron mobil-
ity transistors as a voltage-tunable room temperature ter-
ahertz sources, J. Appl. Phys. 107, 24504 (2010).
[17] W. Knap, S. Nadar, H. Videlier, S. Boubanga-Tombet,
D. Coquillat, N. Dyakonova, F. Teppe, K. Karpierz,
J.  Lusakowski, M. Sakowicz, I. Kasalynas, D. Seliuta,
G. Valusis, T. Otsuji, Y. Meziani, A. El Fatimy, S. Van-
denbrouk, K. Madjour, D. The´ron, and C. Gaquie`re,
Field Effect Transistors for Terahertz Detection and
Emission, J. Infrared Millim. Terahertz Waves 32, 618
(2011).
[18] T. Otsuji, T. Watanabe, S. A. Boubanga Tombet,
A. Satou, W. M. Knap, V. V. Popov, M. Ryzhii, and
V. Ryzhii, Emission and Detection of Terahertz Radia-
tion Using Two-Dimensional Electrons in IIIV Semicon-
ductors and Graphene, IEEE Trans. Terahertz Sci. Tech-
nol. 3, 63 (2013).
[19] A. V. Muravjov, D. B. Veksler, V. V. Popov, O. V. Polis-
chuk, N. Pala, X. Hu, R. Gaska, H. Saxena, R. E. Peale,
and M. S. Shur, Temperature dependence of plasmonic
terahertz absorption in grating-gate gallium-nitride tran-
sistor structures, Appl. Phys. Lett. 96, 042105 (2010).
[20] Y. Kurita, G. Ducournau, D. Coquillat, A. Satou,
K. Kobayashi, S. Boubanga Tombet, Y. M. Meziani,
V. V. Popov, W. Knap, T. Suemitsu, and T. Otsuji,
Ultrahigh sensitive sub-terahertz detection by inp-based
asymmetric dual-grating-gate high-electron-mobility tran-
sistors and their broadband characteristics, Appl. Phys.
Lett. 104, 251114 (2014).
[21] S. Boubanga-Tombet, Y. Tanimoto, A. Satou,
T. Suemitsu, Y. Wang, H. Minamide, H. Ito, D. V.
Fateev, V. V. Popov, and T. Otsuji, Current-driven
detection of terahertz radiation using a dual-grating-gate
plasmonic detector, Appl. Phys. Lett. 104, 262104
(2014).
[22] P. Faltermeier, P. Olbrich, W. Probst, L. Schell,
T. Watanabe, S. A. Boubanga-Tombet, T. Otsuji, and
S. D. Ganichev, Helicity sensitive terahertz radiation de-
tection by dual-grating-gate high electron mobility tran-
sistors, J. Appl. Phys. 118, 084301 (2015).
[23] V. A. Shalygin, M. D. Moldavskaya, M. Y. Vinnichenko,
K. V. Maremyanin, A. A. Artemyev, V. Y. Panevin,
L. E. Vorobjev, D. A. Firsov, V. V. Korotyeyev, A. V.
Sakharov, E. E. Zavarin, D. S. Arteev, W. V. Lundin,
A. F. Tsatsulnikov, S. Suihkonen, and C. Kauppinen,
Selective terahertz emission due to electrically excited 2D
plasmons in AlGaN/GaN heterostructure, J. Appl. Phys.
126, 183104 (2019).
[24] A. H. C. Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov, and A. K. Geim, The electronic properties of
graphene, Rev. Mod. Phys. 81, 109 (2009).
[25] F. Bonaccorso, Z. Sun, T. Hasan, and A. C. Ferrari,
Graphene photonics and optoelectronics, Nat. Photonics
4, 611 (2010).
[26] O. Vafek, Thermoplasma polariton within scaling theory
of single-layer graphene, Phys. Rev. Lett. 97, 266406
(2006).
[27] V. Ryzhii, Terahertz Plasma Waves in Gated Graphene
Heterostructures, Jpn. J. Appl. Phys. 45, L923 (2006).
[28] E. H. Hwang and S. Das Sarma, Dielectric function,
screening, and plasmons in two-dimensional graphene,
Phys. Rev. B 75, 205418 (2007).
[29] V. Ryzhii, A. Satou, and T. Otsuji, Plasma waves in
two-dimensional electron-hole system in gated graphene
heterostructures, J. Appl. Phys. 101, 024509 (2007).
[30] M. Jablan, H. Buljan, and M. Soljacˇic´, Plasmonics in
graphene at infrared frequencies, Phys. Rev. B 80, 245435
(2009).
[31] P. West, S. Ishii, G. Naik, N. Emani, V. Shalaev, and
A. Boltasseva, Searching for better plasmonic materials,
Laser & Photonics Reviews 4, 795 (2010).
[32] A. N. Grigorenko, M. Polini, and K. S. Novoselov,
Graphene plasmonics, Nat. Photonics 6, 749 (2012).
[33] F. H. L. Koppens, D. E. Chang, and F. J. Garcia de
Abajo, Graphene Plasmonics: A Platform for Strong
LightMatter Interactions, Nano Lett. 11, 3370 (2011).
[34] Y.-M. Bahk, G. Ramakrishnan, J. Choi, H. Song,
G. Choi, Y. H. Kim, K. J. Ahn, D.-S. Kim, and P. C. M.
Planken, Plasmon Enhanced Terahertz Emission from
Single Layer Graphene, ACS Nano 8, 9089 (2014).
[35] R. DeglInnocenti, D. S. Jessop, C. W. O. Sol, L. Xiao,
S. J. Kindness, H. Lin, J. A. Zeitler, P. Braeuninger-
Weimer, S. Hofmann, Y. Ren, V. S. Kamboj, J. P.
Griffiths, H. E. Beere, and D. A. Ritchie, Fast Mod-
ulation of Terahertz Quantum Cascade Lasers Using
Graphene Loaded Plasmonic Antennas, ACS Photonics
3, 464 (2016).
[36] S. Chakraborty, O. P. Marshall, T. G. Folland, Y.-J. Kim,
A. N. Grigorenko, and K. S. Novoselov, Gain modulation
by graphene plasmons in aperiodic lattice lasers, Science
351, 246 (2016).
[37] X. Cai, A. B. Sushkov, M. M. Jadidi, L. O. Nyakiti, R. L.
Myers-Ward, D. K. Gaskill, T. E. Murphy, M. S. Fuhrer,
and H. D. Drew, Plasmon-Enhanced Terahertz Photode-
tection in Graphene, Nano Lett. 15, 4295 (2015).
[38] A. Bylinkin, E. Titova, V. Mikheev, E. Zhukova,
S. Zhukov, M. Belyanchikov, M. Kashchenko, A. Mi-
akonkikh, and D. Svintsov, Tight-Binding Terahertz
Plasmons in Chemical-Vapor-Deposited Graphene, Phys.
Rev. Appl. 11, 54017 (2019).
[39] D. Svintsov, Emission of plasmons by drifting Dirac elec-
trons: A hallmark of hydrodynamic transport, Phys. Rev.
B 100, 195428 (2019).
[40] P. Olbrich, J. Kamann, M. Ko¨nig, J. Munzert, L. Tutsch,
J. Eroms, D. Weiss, M.-H. Liu, L. E. Golub, E. L.
Ivchenko, V. V. Popov, D. V. Fateev, K. V. Mashin-
sky, F. Fromm, T. Seyller, and S. D. Ganichev, Tera-
hertz ratchet effects in graphene with a lateral superlat-
tice, Phys. Rev. B 93, 075422 (2016).
[41] D. Fateev, K. Mashinsky, O. Polischuk, and V. Popov,
Excitation of propagating plasmons in a periodic
graphene structure by incident terahertz waves, Phys.
Rev. Appl. 11, 064002 (2019).
[42] T. Watanabe, T. Fukushima, Y. Yabe, S. A.
17
Boubanga Tombet, A. Satou, A. A. Dubinov, V. Y.
Aleshkin, V. Mitin, V. Ryzhii, and T. Otsuji, The gain
enhancement effect of surface plasmon polaritons on tera-
hertz stimulated emission in optically pumped monolayer
graphene, New J. Phys. 15, 075003 (2013).
[43] Y. Takatsuka, K. Takahagi, E. Sano, V. Ryzhii, and
T. Otsuji, Gain enhancement in graphene terahertz am-
plifiers with resonant structures, J. Appl. Phys. 112,
033103 (2012).
[44] S. Boubanga-Tombet, S. Chan, T. Watanabe, A. Satou,
V. Ryzhii, and T. Otsuji, Ultrafast carrier dynamics and
terahertz emission in optically pumped graphene at room
temperature, Phys. Rev. B 85, 035443 (2012).
[45] V. V. Popov, D. V. Fateev, T. Otsuji, Y. M. Meziani,
D. Coquillat, and W. Knap, Plasmonic terahertz detec-
tion by a double-grating-gate field-effect transistor struc-
ture with an asymmetric unit cell, Appl. Phys. Lett. 99,
243504 (2011).
[46] R. J. Wilkinson, C. D. Ager, T. Duffield, H. P. Hughes,
D. G. Hasko, H. Ahmed, J. E. F. Frost, D. C. Pea-
cock, D. A. Ritchie, G. A. C. Jones, C. R. Whitehouse,
and N. Apsley, Plasmon excitation and selfcoupling in a
biperiodically modulated twodimensional electron gas, J.
Appl. Phys. 71, 6049 (1992).
[47] D. Coquillat, S. Nadar, F. Teppe, N. Dyakonova,
S. Boubanga-Tombet, W. Knap, T. Nishimura, T. Ot-
suji, Y. M. Meziani, G. M. Tsymbalov, and V. V. Popov,
Room temperature detection of sub-terahertz radiation
in double-grating-gate transistors, Opt. Expr. 18, 6024
(2010).
[48] A. Satou, G. Tamamushi, K. Sugawara, J. Mitsushio,
V. Ryzhii, and T. Otsuji, A Fitting Model for Asymmet-
ric I-V Characteristics of Graphene FETs for Extraction
of Intrinsic Mo, IEEE Trans. Electron Devices 63, 3300
(2016).
[49] S. A. Mikhailov, Plasma instability and amplification of
electromagnetic waves in low-dimensional electron sys-
tems, Phys. Rev. B 58, 1517 (1998).
[50] L. Ju, B. Geng, J. Horng, C. Girit, M. Martin, Z. Hao,
H. A. Bechtel, X. Liang, A. Zettl, Y. R. Shen, and
F. Wang, Graphene plasmonics for tunable terahertz
metamaterials, Nat. Nanotechnol. 6, 630 (2011).
[51] H. Yan, X. Li, B. Chandra, G. Tulevski, Y. Wu, M. Fre-
itag, W. Zhu, P. Avouris, and F. Xia, Tunable infrared
plasmonic devices using graphene/insulator stacks, Nat.
Nanotechnol. 7, 330 (2012).
[52] H. Yan, Z. Li, X. Li, W. Zhu, P. Avouris, and F. Xia,
Infrared spectroscopy of tunable Dirac terahertz magneto-
plasmons in graphene, Nano Lett. 12, 3766 (2012).
[53] H. Yan, T. Low, W. Zhu, Y. Wu, M. Freitag, X. Li,
F. Guinea, P. Avouris, and F. Xia, Damping pathways of
mid-infrared plasmons in graphene nanostructures, Nat.
Photonics 7, 394 (2013).
[54] A. Laturia, M. L. Van de Put, and W. G. Vandenberghe,
Dielectric properties of hexagonal boron nitride and tran-
sition metal dichalcogenides: from monolayer to bulk, npj
2D Mat. Appl. 2, 6 (2018).
[55] R. Geick, C. H. Perry, and G. Rupprecht, Normal Modes
in Hexagonal Boron Nitride, Phys. Rev. 146, 543 (1966).
[56] C. R. Dean, A. F. Young, I. Meric, C. Lee, L. Wang,
S. Sorgenfrei, K. Watanabe, T. Taniguchi, P. Kim, K. L.
Shepard, and J. Hone, Boron nitride substrates for high-
quality graphene electronics, Nat. Nanotechnol. 5, 722
(2010).
[57] G. L. Yu, R. Jalil, B. Belle, A. S. Mayorov, P. Blake,
F. Schedin, S. V. Morozov, L. A. Ponomarenko, F. Chi-
appini, S. Wiedmann, U. Zeitler, M. I. Katsnelson, A. K.
Geim, K. S. Novoselov, and D. C. Elias, Interaction phe-
nomena in graphene seen through quantum capacitance,
Proc. Natl. Acad. Sci. 110, 3282 LP (2013).
[58] C. Hwang, D. A. Siegel, S.-K. Mo, W. Regan, A. Ismach,
Y. Zhang, A. Zettl, and A. Lanzara, Fermi velocity engi-
neering in graphene by substrate modification, Sci. Rep.
2, 590 (2012).
[59] A. Tomasino, A. Parisi, S. Stivala, P. Livreri, A. C. Cino,
A. C. Busacca, M. Peccianti, and R. Morandotti, Wide-
band THz Time Domain Spectroscopy based on Optical
Rectification and Electro-Optic Sampling, Sci. Rep. 3,
3116 (2013).
[60] J. H. Strait, P. Nene, W.-M. Chan, C. Manolatou, S. Ti-
wari, F. Rana, J. W. Kevek, and P. L. McEuen, Confined
plasmons in graphene microstructures: Experiments and
theory, Phys. Rev. B 87, 241410 (2013).
[61] H. Yan, F. Xia, Z. Li, and P. Avouris, Plasmonics of cou-
pled graphene micro-structures, New J. Phys. 14, 125001
(2012).
[62] K. M. Daniels, M. M. Jadidi, A. B. Sushkov, A. Nath,
A. K. Boyd, K. Sridhara, H. D. Drew, T. E. Murphy,
R. L. Myers-Ward, and D. K. Gaskill, Narrow plasmon
resonances enabled by quasi-freestanding bilayer epitaxial
graphene, 2D Materials 4, 025034 (2017).
[63] V. Y. Kachorovskii and M. S. Shur, Current-induced tera-
hertz oscillations in plasmonic crystal, Appl. Phys. Lett.
100, 232108 (2012).
[64] V. V. Popov, O. V. Polischuk, W. Knap, and A. El Fa-
timy, Broadening of the plasmon resonance due to
plasmon-plasmon intermode scattering in terahertz high-
electron-mobility transistors, Appl. Phys. Lett. 93,
263503 (2008).
[65] I. V. Rozhansky, V. Y. Kachorovskii, and M. S. Shur,
Helicity-Driven Ratchet Effect Enhanced by Plasmons,
Phys. Rev. Lett. 114, 246601 (2015).
[66] D. Veksler, F. Teppe, A. P. Dmitriev, V. Y. Kachorovskii,
W. Knap, and M. S. Shur, Detection of terahertz radia-
tion in gated two-dimensional structures governed by dc
current, Phys. Rev. B 73, 125328 (2006).
[67] O. Matov, O. Meshkov, O. Polischuk, and V. Popov,
Generation of submillimeter electromagnetic radiation
from two-dimensional plasma waves in a semiconductor
heterostructure with metal grating, Physica A 241, 409
(1997).
[68] M. V. Krasheninnikov and A. V. Chaplik, Instabilities of
two-dimensional plasma waves, Sov. Phys. - JETP 79,
555 (1980).
[69] G. R. Aizin, J. Mikalopas, and M. Shur, Current-driven
plasmonic boom instability in three-dimensional gated pe-
riodic ballistic nanostructures, Phys. Rev. B 93, 195315
(2016).
[70] V. Ryzhii, A. Satou, and M. S. Shur, Transittime mecha-
nism of plasma instability in high electron mobility tran-
sistors, Phys. Status Solidi A 202, R113 (2005).
[71] V. Ryzhii, A. Satou, and M. S. Shur, Plasma instabil-
ity and terahertz generation in HEMTs due to electron
transit-time effect, IEICE 89, 1012 (2006).
[72] Y. Koseki, V. Ryzhii, T. Otsuji, V. V. Popov, and
A. Satou, Giant plasmon instability in a dual-grating-gate
graphene field-effect transistor, Phys. Rev. B 93, 245408
(2016).
18
[73] I. V. Gorbenko, V. Y. Kachorovskii, and W. Knap,
Current-driven optical response of plasmonic crystal:
From dissipation to amplification, ”Current-driven opti-
cal response of plasmonic crystal: from dissipation to
amplification”, private communication (2019).
[74] I. Torre, A. Tomadin, A. K. Geim, and M. Polini, Non-
local transport and the hydrodynamic shear viscosity in
graphene, Phys. Rev. B 92, 165433 (2015).
[75] D. A. Bandurin, I. Torre, R. K. Kumar, M. Ben Shalom,
A. Tomadin, A. Principi, G. H. Auton, E. Khestanova,
K. S. Novoselov, I. V. Grigorieva, L. A. Ponomarenko,
A. K. Geim, and M. Polini, Negative local resistance
caused by viscous electron backflow in graphene, Science
351, 1055 (2016).
[76] J. A. Sulpizio, L. Ella, A. Rozen, J. Birkbeck, D. J.
Perello, D. Dutta, M. Ben-Shalom, T. Taniguchi,
K. Watanabe, T. Holder, R. Queiroz, A. Principi,
A. Stern, T. Scaffidi, A. K. Geim, and S. Ilani, Visu-
alizing Poiseuille flow of hydrodynamic electrons, Nature
576, 75 (2019).
19
SUPPLEMENTAL MATERIAL
for
Room Temperature Amplification of Terahertz Radiation by Grating-Gate Graphene
Structures
Stephane Boubanga-Tombet,1 Wojciech Knap ,1, 2, 3 Deepika Yadav ,1 Akira Satou ,1 Dmytro B. But ,2, 4
Vyacheslav V. Popov,5 Ilya V. Gorbenko,6 Valentin Kachorovskii,2, 6 and Taiichi Otsuji 1, ∗
1Research Institute of Electrical Communication, Tohoku University, Sendai 980-8577, Japan
2CENTERA Laboratories, Institute of High Pressure Physics PAS, Warsaw 01-142, Poland
3Laboratory Charles Coulomb, University of Montpellier and CNRS, Montpellier F-34095, France
4CEZAMAT Warsaw Technical University, Warsaw 02-346, Poland
5Kotelnikov Institute of Radio Engineering and Electronics (Saratov Branch), RAS, Saratov 410019, Russia
6Ioffe Institute, 194021 St. Petersburg, Russia
(Dated: June 15, 2020)
A. Transmission through array of conducting strips
To analyze transmission through array of conducting
strips, one can use theory developed in Ref. [1] (see also
Ref. [2]). In the case when parameter 2piσ1/c
√
 is small
(2piσ1/c
√
 1) the formulas for T,R and A (transmis-
sion, reflection, and absorption coefficients, respectively)
can be obtained by expansion over this parameter. In-
deed, as seen from Eq. (35) of Ref. [1] this parameter
coincides with the ratio of the radiative decay Γ to the
momentum relaxation rate:
Γ
γ1
=
2piσ
c
√

. (S1)
Since, we assumed that inequality Eq. (1) is fulfilled, we
find Γ γ1. Then, we find that expressions for T,R and
A [see Eqs. (40a), (40b) and (40c) of Ref. [1]] simplify.
In the vicinity of plasmonic resonance, we find
T = 1− piσ1
c
√

γ21
δω2 +
(
γ1
2
)2 , (S2)
R =
(
piσ1
c
√

)2
γ21
δω2 +
(
γ1
2
)2 , (S3)
A =
piσ1
c
√

γ21
δω2 +
(
γ1
2
)2 . (S4)
Here δω = ω−ω1 and ω1 is the frequency of the plasmonic
resonance. As seen from these equations,
R ∼ piσ1
c
√

A A 1, 1− T ≈ A 1, (S5)
provided that condition (1) is fulfilled. This is in good
agreement with Fig. 4 of Ref. [1]. Indeed, as seen from
this figure, conducting strips, created by gate voltage,
change transmission coefficient of the system as a whole
∗ otsuji@riec.tohoku.ac.jp
by a small correction (much smaller than unity). This
implies that transmission through graphene strip is close
to unity, which is the case in our experiment. This yields
experimental proof that 2piσ1/c  1. Then, reflection is
small, ∝ (piσ1/
√
c)2, and can be neglected, while T ≈
1 − A. Using the Drude formula for conductivity σ1 =
e2N1/mγ1, one can rewrite Eq. (S4) as follows
A =
pie2N1
mc
√

γ1
δω2 + (γ1/2)
2 . (S6)
Comparing this equation with Eq. (S28), we find A ≈
8piPDO/cE
2
0 . It is convenient to rewrite this equation in
a more general way
A =
8piδP
c
√
E20
, (S7)
where δP is radiation-induced correction to the dissi-
pation. Equations (3) and (S7) allow us to reduce the
problem of calculation of transmission coefficient to the
calculation of δP.
B. Dissipation in the strip of width L
As we discussed in the main text, active regions are
disconnected at THz frequency due to the inequality
Eq. (12) The effect of passive regions can be taken into
account by the following replacing in the final equations:
γ1 → γeff . Hence, we can consider a single active strip.
The hydrodynamic equations for velocity v and con-
centration N in conventional 2D system with parabolic
spectrum with mass m read (for graphene away from
the Dirac point, calculations presented below should also
work if one replaces m with EF /v
2
F ):
∂v1
∂t
+ (v1∇)v1 + γ1v1 = −∂Φ
∂r
+
F0
m
cos(ωt), (S8)
∂N1
∂t
+ div(N1v1) = 0. (S9)
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Here γ1 = 1/τ1, F0 = eE0, and E0 is the electric field of
the radiation,
Φ = Φ(r, t) =
∫
d2r′K(r− r′)δN1(r′, t) (S10)
is the potential created by redistribution of the electron
density, and δN1(r, t) = N1(r, t)−N1 is the deviation of
the concentration from its equilibrium value. Function
K(r) depends on the geometry of the problem. In par-
ticular, for gated 2D system, K(r) = (s21/N1)δ(r), where
N1 is the homogeneous electron concentration in the ab-
sence of radiation and s1 is the plasma wave velocity in
the active region.
1
FIG. 1. Infinite strip of width L1 in the external field F0.
Dissipation depends on orientation of F0.
Let us introduce a dimensionless concentration
n1 =
δN1(r, t)
N1
, (S11)
and linearize Eqs. (S8) and (S9) with respect to n1 and
v1. Assuming that the system is gated, we get
∂v1
∂t
+ γ1v1 + s
2
1∇n1 =
F0
m
cos(ωt) (S12)
∂n1
∂t
+ divv1 = 0, (S13)
C. Drude dissipation
Dissipation in the system depends on the orientation
of the field. For F0‖ey, both n1 and v1 do not depend
on coordinates. Hence n = 0, vx = 0
v1y =
F0
2m
1
−iω + γ1 e
−iωt + h.c. (S14)
From Eqs. (17) and (S14), we get the Drude dissipation:
per unit area:
PDr =
N1F
2
0
2m
γ1
ω2 + γ21
(S15)
D. Plasmon-assisted dissipation
For F0‖ex, external field excites plasmons in the strip.
In this case, vy = 0 and vx and n can be written as
v1x = δv1(x)e
−iωt + δv∗1(x)e
iωt, (S16)
n1 = δn1(x)e
−iωt + δn∗1(x)e
iωt. (S17)
The amplitudes δv1 and δn1 obey
(−iω + γ1)δv1 + s21
∂δn1
∂x
=
F0
2m
, (S18)
− iωδn1 + ∂δv1
∂x
= 0. (S19)
These equations should be solved with the boundary con-
ditions δv1(x = 0) = δv1(x = L1) = 0 (absence of current
at the edges of the system). Direct calculation yields for
the velocity amplitude
δv1 =
F0
m(γ1 − iω)
sin(kx/2) sin[k(x− L1)/2]
cos(kL1/2)
, (S20)
where
k =
√
ω(ω + iγ1)
s1
(S21)
Now, dissipation is inhomogeneous, so that we need to
average both over t and over x. The averaged plasmon-
assisted dissipation per unit area looks (we skip contri-
bution of passive regions)
2
Ppl = N1L1
〈
mv21
τ1
〉
x,t
= 2N1mγ1
L1∫
0
dx
L1
|δv1(x)|2
=
2N1F
2
0
m
γ1
ω2 + γ21
1
cos(kL1/2) cos(k∗L1/2)
L1∫
0
dx
L1
sin(kx/2) sin[k(x− L1)/2] sin(k∗x/2) sin[k∗(x− L1)/2]. (S22)
The plasmonic resonances are encoded in the factor
cos(kL1/2) cos(k
∗L1/2) which turns to zero (for γ1 = 0)
at the resonant plasmonic frequencies
ω1(N) = ω1(1 + 2N), N = 0, 1, 2, . . . (S23)
where
ω1 =
pis1
L1
is the fundamental plasmonic frequency in the active re-
gion. It is worth noting that homogeneous external field
excites only odd modes with 1 + 2N, while even modes
2N remain silent although they are present in the full set
of resonant excitations. Although Eq. (S22) looks quite
complicated, it dramatically simplifies in the resonant
regime:
δω = ω − ω1(N) ω, ω1  γ1.
In this case, for N = 0 (fundamental plasma mode), after
some algebra, we find
Ppl =
N1F
2
0
pi2m
γ1
(δω)2 + (γ1/2)2
(S24)
Comparing the amplitudes of the Drude and plasmon-
assisted dissipation, we get
PDr(ω = 0)
Ppl(δω = 0)
=
pi2
8
≈ 1.23. (S25)
Let us compare now Eqs. (S15), (S24), and (S25) with
Fig. 5 of Ref. [1]. First of all, from Fig. 5 of Ref. [1]
we see that amplitude of the Drude peak coincides with
the amplitude of dissipation in the plasmonic resonance.
This observation is in a reasonably good agreement with
Eq. (S25). Second observation related to the widths of
the Drude and plasmonic peaks. As seen from Fig. 5 of
Ref. [1] the width of the Drude peak is twice larger than
the width of the plasmonic resonance. This observation is
in excellent agreement with Eqs. (S15), (S24). Hence, we
come to the conclusion that peaks in the transmission co-
efficient observed in Ref. [1] for different polarizations of
the radiation can be well interpreted as the Drude (par-
allel polarization) and plasmonic (perpendicular) peaks.
A more detailed analysis of this statement is presented
in the next subsection. As one can see from Fig. 5 of
Ref. [1], for small resonance frequencies, when quality
factor of plasmonic resonance is smaller than unity, the
peaks are asymmetrical functions of frequency in con-
trast to symmetrical Lorentz peak given by Eq. (S24).
To describe dissipation for small quality factors one can
use exact equation Eq. (S22). The result of calculations
are shown in Fig. 2. As seen, asymmetry increases with
decreasing the quality factor ω1/γ1 in a very good agree-
ment with experimental data. All curves are normalized
to the value
Pm =
4N1F
2
0
pi2mγ1
, (S26)
which gives the maximal value of the dissipation for the
case of high-quality factor [see Eqs. (S24)].
1
FIG. 2. Dissipation calculated by the use of
Eqs. (S22) and (S26) for different values of ω1/γ1 =
0.25, 0.5, 0.75, 1.0, 1.25, 1.5 increasing from left to right.
One can compare results obtained with the use of
the exact formula Eq. (S22) with the results obtained
within damped oscillator model. Dissipation in this
model is given by the Drude dissipation formula with
the plasmonic-induced frequency shift
PDO =
N1F
2
0
2m
γ1(
ω − ω21ω
)2
+ γ21
. (S27)
For the case of high-quality factors, ω0  γ, this equation
simplifies even more
PDO ≈ N0F
2
0
8m
γ1
(δω)
2
+ γ21/4
, (S28)
3
where δω = ω − ω1. Although resonance equation (S28)
is symmetric function of δω, the general equation (S27)
shows a strongly asymmetrical peak. Equation (S27)
describes very well the shape of the resonance at the
fundamental frequency, as illustrated in Fig. 3 for the
same values of quality factors as in Fig. 2 There are how-
1
FIG. 3. Dissipation calculated by the use of Eq. (S27) for
different values of ω1/γ1 = 0.25, 0.5, 0.75, 1.0, 1.25, 1.5
increasing from left to right.
ever some differences between exact formula (S22) and
Eq. (S27). First of all, the amplitude of the dissipation
is slightly different: PmDO/Pm = pi
2/8. Second, the shape
of the curves also slightly different, and the difference
increases with decreasing the quality factor. We illus-
trate last statement in Fig. 4, where we compare relative
dissipation obtained from two equations for low-quality
factor ω1/γ! = 0.5. We also note that the damped plas-
mon model does not allow us to calculate the amplitude
of plasmonic mode with N 6= 0. By using Eq. (S22), we
find in the resonance approximation close to N−th reso-
nance
PNpl =
N1F
2
0
pi2m(1 + 2N)2
γ1
(δω)2 + (γ1)2/4
, (S29)
where δω = ω − ωN . Hence,
PNpl (δω = 0)
PN=0pl (δω = 0)
=
1
(1 + 2N)2
(S30)
Before closing this section, we note that Eq. (S22)
describes all resonances. In Fig. 5 we illustrate it for
ω1/γ1 = 5.
E. Leakage of plasmons from active to passive
region
Above, we assumed that plasmons are localized in
the active regions. Let us now briefly discuss the
leakage of plasmonic excitation, which arise due to
finite coupling with the passive regions (such leakage
was previously predicted for a single gate problem
in Ref. [3]). We assume that damping rates in the
1
FIG. 4. Comparison of resonance shape found from Eq. (S22)
and Eq. (S27) for ω1/γ1 = 0.5.
FIG. 5. Several resonances for ω1/γ1 = 5. Dashed line
corresponds to Eq. (S30)
active and passive regions are different, γ1 < γ2, which
is the case in our experiment. We also assume that
γ2L2  s2, which means that different active regions
are effectively disconnected so that without loss of
generality, we can put L2 = ∞. Then, we have three
regions: active region, |x| < L1/2 and two passive
regions: −∞ < x < −L1/2 and L1/2 < x < ∞. We use
the following boundary conditions (BC) between regions,
s21v1 = s
2
2v2, s
2
1n1 = s
2
2n2 (for x = ±L1/2) which repre-
sent current and energy conservation at the boundary
(see more detailed discussion in Ref. [4]). Plasmonic
oscillations in the passive region can be described by the
same equations as Eq. (S18) and (S19) with the obvious
change of parameters. In the active region there are two
solutions with wave vectors ±√ω(ω + iγ1)/s1, while in
the passive regions, there is a solution with the wave
vector
√
ω(ω + iγ2)/s2, for x > L1/2 and solution with
wave vector −√ω(ω + iγ2)/s2, for x < L1/2. Hence,
we have four independent solutions and, therefore, four
independent coefficients, which can be written as a
vector a = (a1, a2, a3, a4). This vector should be found
from four BC. We skip this quite standard calculation
and limit ourselves to the discussion of general idea
and presenting the final result. Using BC one can
write equation for a in the matrix form: Aˆ a = c,
where vector c ∝ E0 describes coupling to external
field. Writing solution of this equation as a = Aˆ−1c,
we find that resonances in our system corresponds
4
to poles of function 1/detAˆ. Standard calculation
yields (we skip all irrelevant coefficients) detAˆ ∝
exp
[
2iL1
√
ω(ω + iγ1)/s1
]
− (u1 + u2)2/(u1 − u2)2,
where u1,2 = s1,2/
√
1 + iγ1,2/ω. Assuming that
γ1,2  ω and expanding this equation over δω = ω − ω1
we find expressions for effective damping and resonance
frequency correction:
γeff = γ1 +
2s1
L1
ln
(
s1 + s2
s1 − s2
)
, (S31)
ωeff1 = ω1 −
pi(γ2 − γ1)s1s2
(s21 − s22)
[
pi2 + ln2( s1+s2s1−s2 ).
] , (S32)
The effective width of the plasma cavities L1 should in-
clude also correction related to the fringing effect, that
leads to the following correction of the plasmon fre-
quency:
δωfr1 =
2d
L1
ω1, (S33)
Second term in the r.h.s. of Eq. (S31) accounts for
damping of oscillation caused by leakage effect, while the
second terms in the r.h.s. of Eq. (S32) yields small correc-
tion to resonance frequency caused by coupling between
active and passive regions. (To avoid confusion, we no-
tice that Eqs. (S31) and (S32) are not valid for s2 → s1.
First of all, we assumed that (ωeff1 −ω1)/ω1  1. Also, at
s2 → s1 the width of the resonance becomes much larger
than ω1, so that the resonance disappears).
Expressions for γeff and ωeff1 essentially simplify for
s2  s1:
γeff = γ1 +
4s2
L1
, (S34)
ωeff1 = ω1 −
(γ2 − γ1)s2
pis1
, (S35)
We notice that leakage-induced contribution to the
damping is large, which explains why width of resonance
is much larger than γ1 extracted from the transport mea-
surements. On the other hand, negative correction to
the real part of the frequency is small. However, it can
be responsible for small deviation of the experimentally
observed resonance frequency from the theoretical value
obtained within the model of an isolated active strip.
Numerical calculations of the plasma frequency versus
a gate voltage for the cavity C1 are shown in Fig. 6(a).
One can see that calculated values are slightly higher
than experimental ones. The black line represents calcu-
lations according the Eq. (8) and the red line is Eq. (7).
One can see that more advanced description (Eq. (7))
gives correction to plasma frequency only in the region
of small carrier densities where Fermi level is compa-
rable to the thermal energy kT . The blue line is cal-
culated according to Eq. (7) with additional correction
due to fringing effect approximated by Eq. (S33). Fi-
nally, the green line is calculated taking into account ad-
ditionally plasmon leakage phenomena as described in
by Eq. (S35). One can see that the plasmon leakage
correction to the resonant plasma frequency is relatively
small. In Fig. 6(b) the same results are shown in log-log
scale demonstrating typical for graphene 1/4 power de-
pendence. One can see that the theoretical calculations
made without any fitting parameters reproduce relatively
well the absolute values and the functional frequency ver-
sus gate voltage dependency. As already mentioned in
the main text, the small discrepancies may result from
the uncertainty of h-BN layer thickness determination
(precision 10%) and unknown exact value of the dielec-
tric function. In fact, in the literature, one can find this
value in the range from 3.5 to 5 [5, 6]. It should be
stressed however, that independently of small numeri-
cal discrepancies, the observed plasma frequency follows
closely 1/4 power dependence on gate voltage (carrier den-
sity) typical for plasmons in graphene [7] - as shown by
dotted line in Fig. 6(b).
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FIG. 6. a) Plasma frequencies as a function of the gate volt-
ages for the cavity C1. Dots are experimental points. The
black line represents calculations according to Eq. (8) and
the red line is Eq. (7). The blue line is calculated accord-
ing to Eq. (7) with additional correction due fringing effect
Eq. (S33), and the green line is calculated taking into ac-
count additionally plasmon leakage phenomena as described
by Eq. (S35). b) The same results as in a) but in log-log
scale. The dotted line shows 1/4 power dependence typical to
plasmons in graphene.
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F. Frequency of plasmonic excitations in the
grating-gate structure
In this subsection, we demonstrate how to derive
Eq. (10) from Eq.(52) of Ref. [1]. To this end, one should
first determine ω1 from this equation (by putting drift ve-
locity in the electron liquid to zero) and then rewrite this
equation in terms of ω1:
ω21(x)
ω21
=
1−∆/2
1−∆ + x
2 −
√
∆2
4(1−∆)2 + 4x
2
1−∆/2
1−∆ , (S36)
where ω1(x) is the resonance frequency of the plasmon
oscillations as a function of and x = qV1/ω1, where q is
the plasmon wave-vector. Since we demonstrated exper-
imentally that ω1 = s1q, we find x = V1/s1. Equation
Eq. (S36) transforms into Eq. (10) if we take
∆ =
2ζ
1 + 2ζ
. (S37)
Assuming that V1 ∝ Ud we arrive at Eq. (10). It is worth
stressing again that the onset of the transparency band
corresponds to V1 = s1, so that amplification starts for
V1 > s1.
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